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In this work nonlinear time-series analysis using delay coordinate embedding was
applied to simulated temperature data from isoperibolic batch reactors to de®elop an
early-warning detection system of the runaway. In the first part of this study an early-
warning detection criterion, that is, when the di®ergence of the system becomes positi®e
on a segment of the reaction path, was de®eloped and compared with pre®ious criteria.
This criterion has the property of being preser®ed under phase-space reconstruction and,
hence, it is possible to calculate it when only temperature data are a®ailable. This recon-
structed di®ergence is compared with the theoretically calculated di®ergence using tem-
perature and con®ersion data. The comparison demonstrates the ®alidity of such an
approach finding a new path, lying between the simple use of measured ®ariables and
the complex model-based reconstruction techniques, to assess in ad®ance hazardous
situations in chemical reactors.

Introduction

The maintenance of safe operation conditions in chemical
reactors is of paramount importance to avoid personal and
installation damage and environmental pollution. In general,
severe accidents due to runaway reactions can be grouped
into one scenario: if, for some reason, the rate of heat gener-
ation by chemical reaction exceeds the rate of heat removal
of the cooling system, the temperature of the reacting mass
will begin to rise. This in turn will cause an increase in the
heat-generation rate. This positive-feedback mechanism re-
sults in autoacceleration behavior of the heat-generation rate,
producing a large amount of heat in a very short time with
the possibility of triggering side and chain reactions that
eventually can lead to the destruction or inoperability of the
plant.

Major safety advancements at the level of a particular
chemical process can only be achieved through the long proc-
esses of research and engineering experience. Nevertheless,
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despite the conventional fallback mechanisms, switches, and
multilayer control circuitry available today, there is always the
possibility of undetected runaway events. A safe reactor is
therefore not only characterized by the degree of complexity
of its safety measures but also by how soon unexpected po-
tentially dangerous situations can be detected. Early-warning
devices are therefore indispensable, irrespective of the de-
tailed mechanism of the reaction and of other safety mea-
sures.

An early-warning detection system consists of the following
Ž .parts Iserman, 1984 : interface with the process to acquire
Ž .data monitoring ; criteria to distinguish between dangerous

Ž .situations and nondangerous ones detection ; procedure for
Ž .triggering the alarms diagnosis and evaluation . Methods for

early warning detection can be divided into two categories,
depending upon the quantities being used. The first one con-
sists of only using measurements from the system that in the
case of chemical reactors turn out to be temperature mea-
surements, its derivatives, or a combination, which is the case
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Ž .of the OLIWA system Hub, 1977; Hub and Jones, 1986 .
The second method consists of using a model of the system,
the available measurements and, normally, a Kalman filter to

Žestimate the nonmeasurable variables Gilles and Schuler,
.1982; King and Gilles, 1990 . Despite all the different ap-

proaches, early on-line detection of hazardous states in batch
chemical reactors is still an open problem because of the wide
range of processes that are carried out on such equipment,
their complexity, strong nonlinearity, and time-varying pa-
rameters. In this sense, the bottleneck for an on-line detec-
tion system is the criterion that distinguishes between dan-
gerous and nondangerous situations. On the one hand, the
detection system has to provide sufficient time for plant op-
erators to correct the deviations from safe operation, while
on the other hand, it has to avoid false alarms, and, espe-
cially for batch and semibatch reactors, the on-line safety cri-
teria have to be as independent of the actual process carried
out in the plant as possible.

In this work we have tried to demonstrate that a third ap-
proach for early on-line detection of hazardous situations ex-
ists, in which you do not need a mathematical model of the
process, but in which you try to extract information about the
behavior of the reactor by phase-space reconstruction using
time-delay embedding of temperature measurements. For a

Ž .simple isoperibolic constant jacket temperature batch reac-
tor trajectories in phase space approach a fixed point for t™

`, where the reaction has finished and the final reaction mass
temperature equals the jacket temperature, that is, trajec-
tories originating from two nearby starting points would
eventually end up at the same fixed point. Nevertheless, be-
fore reaching this fixed point, the orbits can diverge. If the
process parameters are near the runaway boundary, a small
change will cause dramatic changes in the behavior of the
phase-space trajectories. In chaos theory one is often con-

Žfronted with a similar divergence of trajectories Abarbanel,
.1996 . In fact, the rate of divergence can be quantified using

Žthe so-called local Lyapunov exponents Abarbanel et al.,
.1993 . Although we are not interested in studying chaotic sys-

tems, we borrow from chaos theory the idea of characterizing
the system using the rate of divergence, or convergence in
the nonrunaway case.

Ž .Recently, Strozzi and Zaldıvar 1994 studied the use of´
local Lyapunov exponents to calculate the parametric sensi-
tivity of batch reactors, showing that the new method gave
similar high-sensitivity regions to those of previous criteria.
Furthermore, the dynamic behavior of the sum of local Lya-
punov exponents allowed the definition of a new intrinsic cri-

Ž .terion see Alos et al., 1996a for assessing the thermal stabil-´
ity of semibatch reactors. The advantage of these criteria lies
in their simplicity, which makes them more easily applicable
to the study of complex situations than the earlier tech-
niques. Furthermore, the experimental verification, in a 2-L
bench-scale reaction calorimeter and a 100-L pilot-plant in-
stallation, of the safe limits of a batch and semibatch process
was carried out using the esterification of 2-butanol with pro-

Žpionic anhydride catalyzed by sulphuric acid see Strozzi et
.al., 1994 and Alos et al., 1996b . The theoretical safe limits´

obtained using the criteria based on Lyapunov exponents were
compared with the experimental results, and good agreement
between the experimental and theoretical regions of high
parametric sensitivity was obtained.

In the first part of this work, we make an attempt, based
on the off-line analysis of energy and mass-balance equa-
tions, to use the large number of parametric sensitivity stud-

Žies in chemical reactors Wilson, 1946; Barkelew, 1959;
Thomas, 1961; Adler and Enig, 1964; van Welsenaere and
Froment, 1970; Rajadhyaksha et al., 1975; Westerterp and
Ptasinski, 1984a,b; Westerterp and Overtoom, 1985; Mor-
bidelli and Varma, 1986, 1987, 1988; Hagan et al., 1987,
1988a,b; Westerink and Westerterp, 1988; Balakotaiah, 1989;
Westerterp and Westerink, 1990; Steensma and Westerterp,

.1990, 1991; Vajda and Rabitz, 1992; Balakotaiah et al., 1995
to define an on-line criterion. Parametric sensitivity in this
context describes the situation in which a small change in the
inlet conditions}andror coolant temperature or flow rate,
feed temperature or concentrations}as well as to any of the
other physicochemical characteristics of the system, induces a
large change in the temperature profile of the reactor. First,
a physical interpretation of the sum of local Lyapunov expo-

Žnents for measuring parametric sensitivity Strozzi and
.Zaldıvar, 1994 is presented, discussed and compared with´

previous safety criteria. The dynamic of batch reactors is dis-
cussed in terms of phase-space dissipative systems. This al-
lows the connection between the phase-space volume con-
traction and the sum of Lyapunov exponents and the defini-
tion of a suitable on-line criterion, that is, when the diver-
gence of the batch or semibatch reactor becomes positive on
a segment of the reaction path. We recall that the divergence
is a scalar quantity defined at each point as the sum of the
partial derivatives of the mass and energy balances with rela-
tion to the correspondent variables}temperature and con-

Ž . Ž .version}that is, ­ dTrdt r­ T q­ dzrdt r­ z.
From this it is possible to perform a comparison with pre-

vious criteria. Different kinetic schemes are discussed with
special emphasis on the case of autocatalytic reactions that
are to be expected when decomposition reactions are in-

Ž .volved Grewer, 1987 and that hardly have been studied. The
results show the validity of this criterion, even in the case of
autocatalytic reactions, where previously employed on-line

Ž .criteria Adler and Enig, 1964; Hub and Jones, 1986 were
unable to define a suitable boundary for runaway characteri-
zation.

The on-line application of this criterion requires the recon-
struction of the phase space through nonlinear time-series
analysis using delay coordinate embedding. First, we present
the idea of reconstructing the phase space of the system by
the use of time delays of observed temperature data. We ap-
ply this approach to an isoperibolic batch reactor in which an
exothermic first-order reaction takes place. The other meth-
ods of determining the appropriate time delay as well as the
dimension of the reconstructed phase space from the temper-
ature measurements are discussed. As the techniques used
are not standard for a chemical engineer, some basic ideas
used along this line are provided. However, the interested
reader is referred to the original references for a detailed
description.

Once the state space has been reconstructed, it is neces-
sary to compare it with the original phase space. This is ac-
complished by calculating the invariant quantities that are
preserved under phase embedding reconstruction. We use the
evolution of the divergence during the transient whose signal
is our early-warning criterion to distinguish between safe and
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runaway. First, we discuss the properties of the reconstructed
divergence. Then we perform a theoretical analysis using sim-
ulated data for the previously mentioned case.

Preliminary experimental verification has been carried out
Ž .Strozzi et al., 1998 showing that there is a suitable way of
reconstructing the divergence by measuring the temperature
at different points inside the reactor. Our work is currently
continuing along these lines, with the objective of creating an
early-warning detection prototype.

Taking into account the experimental data necessary for its
Ž .application only temperature measurements , this method

opens a new route between the simple use of measured vari-
ables and the complex model-based state reconstruction
techniques to assess in advance hazardous situations in chem-
ical reactors, allowing for the necessary countermeasures to
be taken.

Dissipative Systems and Phase-Space Volume
Contraction

Let us consider a system of d ordinary differential equa-
tions, in our case energy and mass balances, defined as

dx tŽ .
w xs F x t , 1Ž . Ž .

dt

Ž . w Ž . Ž . Ž .x d wwhere x t s x t , x t , . . . , x t in R and F s F , . . . ,1 2 d 1
xF is a smooth nonlinear function of x, that is, that thed

existence and uniqueness properties hold. At time t)0 the
Ž . Ž .initial condition x 0 finds itself at some new point x t . Sim-

Ž .ilarly, all initial conditions lying in a certain region G 0 find
Ž . Ž .themselves in another region G t after time t. If we let V t

Ž .denote the volume of the region G t , then a strong version
Ž .of Liouville’s theorem Arnold, 1973 states that

dV tŽ .
w xs div F x t dx t ??? dx t , 2Ž . Ž . Ž . Ž .H 1 ddt Ž .G t

where

w x w x w x­ F x t ­ F x t ­ F x tŽ . Ž . Ž .1 2 dw xdiv F x t s q q ??? q .Ž .
­ x t ­ x t ­ x tŽ . Ž . Ž .1 2 d

3Ž .

Assuming that our d-dimensional volume is small enough that
Ž .the divergence of the vector field, div F x , is constant over

Ž .V t , then

dV tŽ .
w xsV t ?div F x t , 4Ž . Ž . Ž .

dt

and hence,

dV tŽ .t t w xs div F x t dt , 5Ž . Ž .H HV tŽ .0 0

Ž .which means that the initial phase-space volume V 0 shrinks

Ž . dgrows with time in R as

V t sV 0 eH0
tdiv F w xŽt .xdt . 6Ž . Ž . Ž .

Hence, for the case of a system given by Eq. 1, the rate of
Ž . Ž .change of an infinitesimal volume V t following an orbit x t

is given by the divergence of the flow, which is locally equiva-
lent to the trace of the Jacobian of F. The integral of a strictly

Ž . Ž .positive negative function is itself strictly positive negative ,
and the integral of an identically zero function is identically

Ž .zero. That means if div F x -0 ;x in the state space, then
Ž .the flow of trajectories is volume-contracting; if div F x )0

Ž .;x, the flow is volume-expanding, and if div F x s0 ;x, then
the flow is volume-preserving. State-space volumes are con-
served in Hamiltonian systems, such as those that arise from
the Newtonian mechanics of particles moving without fric-
tion. That means that if all points in a subset of state space
with a positive finite volume progress forward over some time
interval, then the resulting set has the same volume as the
initial set. Such systems are defined as being conservative.
For dissipative systems, what usually happens is that all tra-
jectories converge toward invariant sets of relatively low di-
mension with simple geometrical features called attractors.

In this work we are interested in studying a dissipative
chemical reaction carried out batchwise in isoperibolic condi-
tions, and hence the trajectories in state space}temperature
and concentrations}will converge at t™` to a fixed point
when all reagents have been consumed and the final temper-
ature of the reaction mass equals that jacket temperature. In
other words, we have a system of dimension d }reactor tem-
perature and concentrations of different species}that col-
lapses to a point that has dimension zero. Nevertheless, be-
fore reaching the fixed point, the orbits can diverge, and
hence we are interested in studying the dynamics of the or-

Ž .bital collapse see Figure 1 .
On the other hand, Lyapunov exponents monitor the be-

havior of closely adjacent points in the phase space as a func-

( )Figure 1. Trajectories in phase space u I z for differ-
ent values of a .
In this case, B s10, e s 0.05, and a changes from 26 to 6.
The trajectories are for a first-order reaction carried out

Žbatchwise in an isoperibolic reactor starting point u s 0 and
.z s 0, final point u s 0 and z s1 .
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tion of time. Let us introduce a local Cartesian coordinate
Ž .system with origin at x 0 by choosing at random d small
Ž .vectors coming from x 0 and then orthogonalizing them.

Ž . w Ž . Ž .xThese vectors will be denoted by q 0 s q 0 , . . . , q 0 , and1 d
they can be seen as the principal axis of a unitary d-sphere of
initial conditions. Then Lyapunov exponents are defined
Ž .Wolf et al., 1985 as

< <1 q tŽ .i
l s lim log ; is1, . . . , d , 7Ž .i 2 < <t q 0Ž .t ™` i

that is, they measure the mean rate of expansion or contrac-
tion of the d axes of the initial sphere. If the points in this
d-sphere of initial conditions expand away from each other in
the ith direction, the ith Lyapunov exponent will be positive;
if they converge, the exponent becomes negative; and if the
two points stay the same distance apart, the exponent stays
near zero.

Ž .Since the orientation of the d-ellipsoid defined by q t
changes continuously, the directions associated with a given
exponent vary, too.

As we said before, in a batch reactor, the orbits starting
from near points in the phase space will converge, for t™`,
to a fixed point when the reaction has finished and the final
temperature is the jacket temperature. In this case, the Lya-
punov exponents will give information on such a point. Nev-
ertheless, before reaching the fixed point, the orbits can di-
verge. To study this ‘‘local’’ divergence it is necessary to use
the Lyapunov exponents at time t, the so-called local Lya-

Ž .punov exponents Abarbanel et al., 1993 , which are defined
as

< <1 q tŽ .i
l t s log ; is1, . . . , d. 8Ž . Ž .i 2 < <t q 0Ž .i

When the initial d-sphere evolves, it will become a d-
ellipsoid due to the locally deforming nature of the flow, the

Ž . l1Ž t . ? tlinear extent of the ellipsoid grows reduces as 2 , the
Ž .area defined by the first two principal axes grows reduces as

2Žl1Ž t .ql2Ž t .. ? t, the volume defined by the first three principal
Ž . Žl1Žt .ql2Ž t .ql3Ž t .. ? taxes grows reduces as 2 , and so on. In gen-

eral in a phase space of a higher dimension the calculation of
the volume will be

V t s2Žl1Žt .ql2Ž t .q???qldŽ t .. ? tV 0 . 9Ž . Ž . Ž .

Ž .For this reason, Strozzi and Zaldıvar 1994 defined the sen-´
sitivity using Lyapunov exponents as follows

d max 2 wl1Ž t .ql2Ž t .q???qldŽt .x ? tŽ .
s s , 10Ž .f df

where f is the parameter in relation to which we want to
know the sensitivity of the system. In this case, criticality is
defined as the value of f for which Lyapunov sensitivity has
an extreme.

From Eqs. 6 and 9 it follows that

1 1 t w xl t s div F x t dt . 11Ž . Ž . Ž .HÝ j log 2 tŽ . 0j

This means that the sum of the local Lyapunov exponents is
proportional to the temporal mean of the divergence of the

w Ž .xfield F, div F x t . As is shown, we are interested in the sum
of the Lyapunov exponents and not in their individual values.
For this reason, we can use the relation given by Eq. 11 to
calculate the sum and to apply Eq. 10, and hence integrate
over time the divergence or the trace of the Jacobian. Fur-

Ž .thermore, as can be seen see Eq. 11 , the inverse of the sum
of Lyapunov exponents has time units. Since the divergence
of F at time t is equal to the sum of the real part of the
eigenvalues of the Jacobian of F at time t, Eq. 11 also gives a
relation between the sum of Lyapunov exponents and the
eigenvalues of the Jacobian.

Off-Line and On-Line Runaway Criteria
A considerable amount of work has been done in studying

the parametric sensitivity of chemical reactors; such studies
had sought to define the simple criteria that allowed the es-
tablishment of the parametric region}that characterize the
algebraic-differential equations describing the mass and en-
ergy balances of these reactors}where the operation would
be safe. The question that now arises is if it is possible from
these studies to extract a safety criterion that may be used
on-line as an early-warning criterion. In this section, we com-
pare different procedures for calculating runaway boundaries
for batch reactor models. First, we review the boundary crite-
ria for the simpler well-mixed batch reactor model in which a
single, irreversible nth-order exothermic reaction occurs. We
study the relationships of previous criteria with the criterion

Žbased on the sum of Lyapunov exponents Strozzi and
.Zaldıvar, 1994 , using the concepts previously developed. We´

then extend these results to autocatalytic reactions to study
the validity limits of such a criterion. This study allows us to
introduce a parameter that can be used on-line to define run-
away boundaries.

Runaway boundary for a single nth-order reaction
The pertinent equations representing mass and energy bal-

ances, in an ideal well-stirred batch reactor working under
Ž .isoperibolic conditions constant jacket temperature, T ine

which a single irreversible nth-order exothermic reaction A
™ B occurs, are

dz un
s 1y z exp 12Ž . Ž .ž /dt 1qeu

du un
s B 1y z exp y au , 13Ž . Ž .ž /dt 1qeu

with initial conditions

zs0, u s0 at t s0, 14Ž .
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where

t C E T yTA e
t s ; zs1y ; u s

t C RT TR A e e0

yD H CDT RT Ž . Aad e 0Bs ; e s ; DT sadeT E rCpe

t 1 VrCp tR R
a s ; t s ; t s ; t s .R co gny1t US Bk T CŽ .co e A0

Here, t is the characteristic reaction time, t is the charac-R g
teristic heat-generation time, and t is the characteristicco

Ž .cooling time Balakotaiah et al., 1995 .
Comparison with Pre®ious Criteria. In comparison with

previous criteria for parametric sensitivity analysis, it is con-
venient to consider the system behavior in the temperature-
conversion plane. From Eqs. 12]14 it readily follows that

du au
s By , 15Ž .udz n

1y z expŽ . ž /1qeu

with initial conditions:

u s0 at zs0. 16Ž .

Ž .To study reactor stability, Barkelew 1959 introduced the
Frank-Kamenetskii exponential approximation for the Arrhe-
nius term: if T is sufficiently close to T , then eu <1, ande

u
fu . 17Ž .

1qeu

With this approximation, Eq. 15 is transformed into

du au ? eyu

s By . 18Ž .ndz 1y zŽ .

The calculation of the partial derivative in the temperature
function gives

du
­ yuž / a edz

s u y1 . 19Ž . Ž .n
­u 1y zŽ .

Barkelew’s criterion is obtained, assuming that the derivative,
yu Ž .nEq. 19, is negative. The group a e r 1y z is always posi-

tive, and hence:

a eyu

u y1 -0´u y1-0´u -1 20Ž . Ž .n
1y zŽ .

implies no parametric sensitivity or runaway, which means

E
T yT -1. 21Ž .Ž .e2RTe

Ž .Condition u -1 is equivalent to u -1. Barkelew 1959 setmax
u s1 as the boundary criterion for runaway, that is,max

E
T yT s1. 22Ž .Ž .max e2RTe

For u -1 the reactor temperatures will not runaway; abovemax
u s1 they will runaway or stay very close to runaway con-max
ditions.

If the approximation Eq. 17 is not included, the calculation
of derivative gives

du yu
­ a expž / ž / udz 1qeu

s y1 . 23Ž .n 2ž /­u 1y zŽ . 1qeuŽ .

Using the same reasoning as before, the restrictive limit for
nonrunaway obtained is

2
u - 1qeu , 24Ž . Ž .

which means

E
T yT -1, 25Ž .Ž .e2RT

which is equivalent to the condition to prevent runaway found
Ž .by Van Welsenaere and Froment 1970 :

E
T yT -1. 26Ž .Ž .max e2RTmax

Therefore, Van Welsenaere and Froment’s criterion states
that the derivative of the flow given by Eq. 15 has to be nega-
tive to prevent runaway. The only difference between the
previous criteria is that Barkelew uses a simplified expression
for the Arrhenius term, which leads to a more restrictive run-
away boundary than the one found by applying Van Wel-
senaere and Froment’s criterion.

Using the Lyapunov exponents, the sensitivity criterion, Eq.
10, is obtained after allowing for the divergence of the system
given by Eqs. 12]13, that is,

u B 1y zŽ .ny1div F u , z s 1y z exp y n y a .Ž . Ž . 2ž / ž /1qeu 1qeuŽ .
27Ž .

For a first-order reaction and applying the approximation
given by Eq. 17, it readily follows that

w xdiv F u , z sexp u B 1y z y1 y a . 28Ž . Ž . Ž . Ž .

Let us consider the initial conditions, u s0 and zs0; in
Ž . Ž .this case Eqs. 27 and 28 become, div F 0, 0 s By1y a ,

which can be expressed in the form of characteristic times as
Ž . w xfollows: div F 0, 0 s t 1rt y1rt y1rt . The divergenceR g R co

will be positive if the time constant for the heat generation is
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higher than the time constants for the cooling and reaction
times. The sum of Lyapunov exponents will be equivalent to
the integral over time of the Eq. 27, or Eq. 28 if we introduce
the Frank-Kamenetskii exponential approximation for the
Arrhenius term, Eq. 17.

On-Line Criteria. A first attempt at a definition of an on-
Ž .line safety criterion was carried out by Hub 1977 and Hub

Ž .and Jones 1986 . They used the increase in the heat expan-
sion as the hazard-identification criterion, that is,

dqG
)0, 29Ž .

dt

where q is the power generated by chemical reaction. TheG
principle applied is based on a simple energy balance over
the reactor:

dT
q s MCp qUS T yT . 30Ž .Ž .G edt

Power generated spower used to increase the tempera-
ture of the reaction mixtureqpower removed by the coolant
flowing through the jacket. From Eq. 30 it is possible to ob-
tain:

dq d2T d T yTŽ .G e
s MCp qUS , 31Ž .2dt dtdt

assuming that MCp and US are constants.
The criterion of Eq. 29 defines two different regions sepa-

rated by the line dq rdts0. The region in which the heatG
output of the reaction declines can be considered nonhaz-
ardous. In addition, two other zones in the region in which
the heat output of the reaction increases can be discarded
from the potentially dangerous region. In the former, the
power accumulated in the reaction mixture increases and the
power removed through the jacket decreases; this is due to
deliberate heating of the heat-transfer fluid by the control
system and, in principle, is not dangerous. In the latter, the
heat removed increases and the heat accumulated decreases,
so in this situation the reaction is under control. Hence, for
the purpose of hazard recognition, it is sufficient to check the
following two expressions:

d2T d T yTŽ .e
)0 and )0. 32Ž .2 dtdt

The strength of this criterion is its separate understanding
of the supervised process. It is the only on-line method that
in principle does not require any setting, adjustment, or in-
formation on the process or equipment. Another advantage
is that only two temperatures need to be measured for the
hazard identification. The disadvantage is that disturbances,
always superimposed on the measurement signal, become
amplified and considerably affect the result of the evaluation.
Hence, digital filters of a high order and various auxiliary
algorithms must be employed to smooth out the differential
coefficients and to avoid false alarms. In practice, positive
values of the derivatives are allowed up to upper limits l and1

l and the alarm is triggered only if these limits are exceeded2
by a time interval greater than D t . The variables l , l ,min 1 2

Ž .and D t must be adjusted for each process Casadei, 1977 .min
Ž .Gilles and Schuler 1982 used the criterion previously de-

Ž .veloped by Adler and Enig 1964 to distinguish between safe
and runaway situations. Based mostly on physical intuition,

Ž .Adler and Enig 1964 proposed a boundary limit in the pa-
Žrameter space; on one side of this boundary insensitive re-

. 2 2gion d urdz is negative everywhere on the reaction path,
Ž .while on the other side runaway region , both durdz and

d2urdz2 are positive on a segment of the reaction path, that
is,

du d2u
)0 and )0. 33Ž .2dz dz

To use such a criterion, the conversion must be estimated
on-line from the temperature measurements, and hence a
mathematical model of the reaction rate, as well as of the
reactor, is necessary. Even though this criterion also requires
second-order derivatives, provided Kalman filtering tech-
niques are used, there is an integration that leads to signal

Ž .smoothing King, 1985 . Furthermore, at every point, the
Kalman filter gives an estimate of the whole state vector.
Therefore, it is possible to use another criterion in combina-
tion with Eq. 33 or, assuming no changes on the model pa-
rameters, even calculate the future development of the
process. Unfortunately, due to the low production levels, time
constraints, and the enormous variety of processes, the devel-
opment of reaction-rate models for batch processes usually is
not economically justified, and therefore the application of
model-based techniques is not always possible, being re-
served to special cases.

Comparison of Runaway Boundaries. Figures 2 and 3 show
a comparison between runaway boundaries for a first-order
reaction carried out batchwise. As can be seen, Barkelew’s
criterion is the most conservative one. On the other hand,

Žthe local temperature sensitivity Morbidelli and Varma,

Figure 2. Runaway boundaries using different criteria
for a batch reactor in which a first-order reac-

( )tion takes place ns1, e s0.05 .
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Figure 3. Runaway boundaries using different criteria
for a batch reactor in which a first-order reac-

( )tion takes place ns1, e s0.05 .

. Ž . Ž .1988 , s z s du z rdf, the sum of Lyapunov exponents,f max
Ž .and the Adler and Enig 1964 criteria give, as was shown

Ž .previously Strozzi and Zaldıvar, 1994 , similar results for B´
)7 and e -0.1, these being criteria the least conservative.
For low values of B, thermal runaway becomes a quite mild

Žphenomenon and eventually vanishes Morbidelli and Varma,
.1988 . Figure 3 shows the comparison between Barkelew’s

Ž .criterion and the criterion based on div F u , z )0. As can be
seen, both criteria are similar when the simplification given
by Eq. 17 is introduced in the divergence. This is in accord-

Ž .ance with the findings of Vajda and Rabitz 1992 . These au-
thors observed that at criticality the temperature becomes the
dominant variable, and that any perturbation in the parame-
ters affects the conversion by altering the temperature and
thereby the reaction rate, whereas the direct, quasi-isother-
mic effects of parameter perturbations on the conversion are
negligible. For this reason, similar findings are obtained when
working with the temperature-conversion plane rather than
in temperature-time and conversion time. In fact, if we use

Ž .the temperature-conversion system Eq. 15 , Barkelew’s and
Van Welsenaere and Froment’s criteria are related to the di-
vergence in this system}there is an analytical expression that
passes from these criteria to the divergence that can be found

Ž .elsewhere Strozzi, 1997 . The simulated results of the
boundary region, between safe operation and runaway, ob-
tained using the different on-line criteria are also shown. As
can be seen, for low B values, Eq. 27 gives the same results
as Eq. 32, the OLIWA criterion being slightly conservative
for higher values of B at which Eqs. 32 and 33 give similar
boundary diagram. This means that in the case of a first-order
reaction the warning or alarm would occur before using the
positive divergence criterion than in the other two on-line
criteria.

Runaway boundary for autocatalytic reactions
An important class of reactions is autocatalytic reactions,

in which a reaction product increases the rate of reaction in

proportion to its concentration, so that, at least in the early
Ž .stages, the rate of reaction and the rate of heat generation

increases with time as the reaction proceeds. Clearly, what-
ever the magnitude of the heat of reaction, the effect of this
can never be neglected in the prerunaway stage, because ini-
tially, at least, it must exceed the effect of the rising tempera-
ture. Even though a considerable number of decomposition
reactions show autocatalytic behavior, for example, aromatic
nitrocompounds, aliphatic nitroso compounds, thiophospho-
ric esters, acrylates, sulphones, esters, and chlorides of sul-

Ž .phonic acids Grewer, 1979 , there are only a few parametric
Ž .sensitivity studies for this type of reaction Bowes, 1984 .

Considering an ideal well-stirred batch reactor working un-
Ž .der isoperibolic conditions constant jacket temperature, Te

in which a single autocatalytic exothermic reaction A™ B
occurs, the pertinent equations representing mass and energy
balances are

dz u
s 1y z d q z exp 34Ž .Ž . Ž .ž /dt 1qeu

du u
s B 1y z d q z exp y au , 35Ž .Ž . Ž .ž /dt 1qeu

with initial conditions:

zs0, u s0 at t s0, 36Ž .

where d is a small fractional amount of product to ensure
that the reaction can start, so that dzrdt )0 when t s0.

The time coordinate may be eliminated from Eqs. 34 and
35 by dividing Eq. 35 by Eq. 34. This gives

du au
s By . 37Ž .udz

1y z d q z expŽ .Ž . ž /1qeu

The calculation of the partial derivative as a function of u
gives:

du yu
­ a expž / ž / udz 1qeu

s y1 . 38Ž .2ž /­u 1y z d q zŽ .Ž . 1qeuŽ .

Introducing the approximation given by Eq. 17, Eq. 38 is
transformed into

du
­ yuž / a edz

s u y1 . 39Ž . Ž .
­u 1y z d q zŽ .Ž .

yu wŽ .Ž .xThe group a e r 1y z d q z is always positive, and hence:

a eyu

u y1 -0´u y1-0´u -1 40Ž . Ž .
1y z d q zŽ .Ž .

implies no parametric sensitivity or runaway, which means
Ž . 2 Ž .E T yT rRT -1 see Eq. 21 . Using the same considera-e e
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Žtions as for the nth-order reactions see Westerterp et al.,
.1984 , it is possible to arrive to the same result for autocat-

alytic reactions, that is, a criterion for runaway, u s1. Asmax
can be seen, this criterion agrees with the case of Eq. 21, that
is, when the reactor temperature and the temperature differ-
ence between the reactor and the jacket are maximum. This
criterion establishes the value er4 as the upper limit for arB
Ž .Bowes, 1984 .

The sensitivity criterion using the Lyapunov exponents, Eq.
10, is obtained when the divergence of the system given by
Eqs. 34 and 35 is taken into consideration, that is,

divF u , zŽ .

2B d q z 1yd q z uŽ .Ž .
s 1yd q2 zq exp y a .2 ž /1qeu1qeuŽ .

41Ž .

Ž .The initial value of divergence, 1qd By1 y a , is a large
negative number, because B vanishes with d and the sum of
Lyapunov exponents, which is the mean of the divergence
over time, can underestimate the runaway boundary for this

Ž .type of reaction see Figure 4 . From numerical simulations it
was observed that the sum of the local Lyapunov exponents
criterion gives the same results as the maximum of du rdamax
when d )0.05, that is, when the initial negative part starts to
be small in comparison to the rest. Similar results were ob-
tained when simulating the phase inversion phenomenon in
semibatch aromatic nitrations. In that case, the model that
describes the overall conversion rate changes suddenly
Ž .Zaldıvar et al., 1995 , but because the Lyapunov exponents´
criterion uses the integral over time, it is slow to respond to
this fast change.

Figure 4. Dimensionless temperature, conversion, sum
of Lyapunov exponents and divergence for an

(autocatalytic reaction B s 20, a s10, e s
I4 )0.1, and d s1.0=10 .

Figure 5. Runaway boundary for batch reactor in which
(an autocatalytic reaction takes place e s0.1,

I4 )d s1.0=10 .

Figure 5 shows the comparison between the different crite-
ria for the case of the autocatalytic reaction. As can be seen,
in this case, for e s 0.1, Barkelew’s criterion using the
Frank-Kamenetskii exponential approximation for the Arrhe-
nius term, Eq. 17, gives a conservative runaway boundary for
the autocatalytic reaction. On the other hand, the maximum
sensitivity, du rda , gives the lower restrictive criterion, asmax
in the first-order reaction case. Furthermore, under these
conditions, the criterion based on the sum of the Lyapunov
exponents defined by Eq. 10 does not give a runaway bound-

Ž .ary up to B)100. The Adler and Enig 1964 criterion, Eq.
33, would be too conservative, defining a runaway boundary
smaller than Barkelew’s criterion, and producing unnecessary
false alarms. Hub’s criterion, Eq. 32, always gives an alarm}if
no limits to the first and second derivative are imposed}be-
cause of the nature of the behavior of the temperature dur-
ing autocatalytic reactions, which is autoaccelerated as the
conversion increases, even though in some cases this effect is
negligible. In this case the positive divergence criterion lies
between Barkelew’s criterion and the maximum temper-
ature-sensitivity criterion.

The results of this study suggest that instead of using the
sum of Lyapunov exponents, which is the mean over the time
of the divergence, we could study the divergence. In this case
the early-warning criterion should be

divF u , z )0. 42Ž . Ž .

The question that arises at this stage is how it is possible to
calculate divergence on-line, that is, if we know only the mea-
surements of the evolution of temperature.

Phase-Space Reconstruction Techniques
Equation 1, which represents the state of a deterministic

dynamical system, contains the information necessary to pre-
dict the future evolution of the system and reconstruct its
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past. Let us consider a time series of measurements of an
observable quantity over time, which, in the absence of noise,
is related to the dynamical system by

w xs t s h x t . 43Ž . Ž . Ž .

The system on which the observable quantity is being mea-
sured evolves with time. The phase-space reconstruction
problem is that of recreating states when the only informa-
tion available is contained in a time series, that is, how do we
go from the measurement of one variable to the multivari-
able state space or phase space that is required to study the
system? State-space reconstruction is the first step that must
be taken to analyze a time series in terms of dynamical
systems theory. Typically, the functions F and h are both
unknown, so we cannot hope to reconstruct states in their
original form. However, we may be able to reconstruct a state
space that is equivalent to the original in the sense that dif-
ferential properties are preserved.

Ž .Work by Takens 1981 and improvements by Sauer et al.
Ž .1991 have shown that if the dynamics are on a d-dimen-
sional Euclidean space, an embedding of the system, can be
obtained with a 2 dq1-dimensional reconstructed state space
using derivatives or delay coordinates.

There are several methods of reconstructing state space
Ž .from the observed quantity Breeden and Packard, 1994 , in
Ž .our case the temperature T t . These include delay coordi-
Ž .nates, derivative coordinates Packard et al., 1980 , and global
Ž .principal-value decomposition Broomhead and King, 1986 .

The method of reconstruction can make a large difference in
the quality of the resulting coordinates, but in general it is

Ž .not clear which method is the best Casdagli et al., 1991 .
The lack of a unique solution for all purposes is due in part
to the presence of noise and the finite length of the data set.
Even different algorithms for achieving the same goal often
have different optimal representations. No single representa-
tion will be optimal for all possible objectives.

In the method for reconstructing the phase space using the
Ž .derivatives, numerically investigated by Packard et al. 1980 ,

the coordinates are derivatives of successively higher order
� Ž . Ž . Ž . 4s t , s t , s t , . . . . There are many algorithms for the nu-˙ ¨
merical computation of derivatives, so in this sense the
method of derivatives actually defines a family of different
methods, depending on the algorithm. However, derivatives
are sensitive to noise when approximated from the observed
time series. This has led in part to the extensive use of delay
coordinates, particularly when higher-dimensional represen-
tations are necessary. A delay coordinate, often referred to
as a lag, is simply the observed variable some time D t in the

� Ž . Ž . Ž . 4past. Delay coordinates, T t , T tyD t , T ty2D t , . . . , are
easy to work with and can be effective for very high-dimen-
sional cases where it may be not practical to calculate the
requisite number of derivatives. The difficulty with them is
that in order to use them it is necessary to choose the delay
parameter D t. If D t is too small, each coordinate is almost
the same, and the trajectories of the reconstructed space are
squeezed along the identity line; this phenomenon is known
as redundance. If D t is too large when there is chaos and
noise, the dynamics at one time become effectively discon-
nected from the dynamics at a later time, so that even simple
geometric objects look extremely complicated; this phe-

nomenon is known as irrelevance. Most of the research on
the state-space reconstruction problem has centered on the
problems of choosing D t and the embedding dimension, d ,E
which we can call the parameters of the reconstruction for
delay coordinates. Principal-value, derivative, and delay coor-
dinates are related to each other by linear transformations.
However, the transformation from delay coordinates to the

Žoriginal coordinates is typically nonlinear Casdagli et al.,
.1991 .

It is necessary to mention that the theory of phase-space
reconstruction has been developed for a system that lies on a
chaotic attractor, which is not our system, since we have a
fixed-point attractor. However, we are interested in rebuild-
ing the trajectory of our system during the transient, before
the system has reached the attractor. In this sense, Sauer’s

Ž . Ž .version Sauer et al., 1991 of Takens 1981 Theorem states
that we can rebuild the state space whenever the system lies
in a compact subset of the Euclidean space, Rd, with d-`,

Žwhich is in our system for a formal demonstration, see
.Strozzi, 1997 . The main problem is that all the algorithms

that calculate the parameters of the phase-space reconstruc-
tion make use of the dense structure of chaotic attractors, so
they are not directly applicable to our problem.

Application to batch reactors
The pertinent equations representing mass and energy bal-

ances, in the case of an ideal well-stirred batch reactor work-
ing under isoperibolic conditions in which a single irre-
versible nth-order exothermic reaction A™ B occurs, are
given by Eqs. 12]13, with initial conditions given by Eq. 14.
Figure 1 shows four typical u y z trajectories for Bs10, e s
0.05, and the change of the dimensionless heat-transfer coef-
ficient, a , with low values leading to exothermic runaway,
while Figure 6 shows the calculated divergence-time profiles
for the preceding simulations. As can be seen, divergence for
the low values of the dimensionless heat-transfer coefficients

Figure 6. Divergence profile for the simulations in Fig-
ure 1.
Bs10, e s 0.5, and a changes from 26 to 6. First-order re-
action carried out batchwise in an isoperibolic reactor.
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becomes positive, while in the simulations with a high-dimen-
sionless heat-transfer coefficient it remains negative during
all the runs. The final value of the divergence for all simula-
tions is negative, which agrees with the dissipative nature of
our system. According to our developed early-warning crite-
rion for runaway detection, Eq. 42, when the divergence of
the batch reactor becomes positive on a segment of the reac-
tion path, we are in a runaway situation. Hence, simulation
runs with a s36 and 26 are safe, and a s6 and 10 can be
defined as runaways.

As was said earlier, normally the only available measure-
ment is the temperature, and hence we try to reconstruct a
phase space using only time-delay measurements of u , that

� Ž . Ž . 4is, u t , u t yDt , . . . , or u and the derivatives of succes-
˙� Ž . Ž . 4sively higher orders, that is, u t , u t , . . . . To accomplish

this for the case of delay coordinates, we have to find the
optimum time delay, Dt , and the embedding dimension, d .E
For the derivative coordinates finding the optimum time de-
lay is not necessary. In this case study, because the system
has two ordinary differential equations ds2, it would be
enough to have d s5.E

Choosing the Time Delay. A description of the most com-
mon techniques for choosing the time delay, Dt , can be found

Ž .in Abarbanel 1996 . Most of these techniques are based on
the implicit assumption that the time-series lies on the attrac-
tor and that the transient part has been removed from the
data. However, we are interested only in the transient part,
since our attractor is a fixed point and our process is not as
steady state as the chaotic ones. For this reason, it is evident
that care must be taken when applying the standard algo-
rithms, since most of them are not suitable for our purposes.
We have found that the first passes through zero of the auto-

Žcorrelation function see Mees et al., 1987 and Albano et al.,
.1988 , calculated using only data preceding the temperature

maximum, give a reasonable estimate of the time delay. Table
1 shows the time delays found for the simulation runs of Fig-
ure 1 when using this criterion and the calculated time-delay
optimum, which was defined as the one that gives the mini-
mum error when reconstructing the divergence.

Choosing the Embedding Dimension. A description of the
techniques for choosing the embedding dimension, d , canE

Ž .be found in Kantz and Schreiber 1997 . As for the time de-
lay, the same basic assumptions were used to develop the
algorithm. In this case, the false nearest-neighbor algorithm
Ž .Kennel et al., 1992 is based on the existence of a chaotic
attractor and hence a densely populated object in phase space.
In the case of the isoperibolic batch reactor in which an nth-
order reaction takes place, whatever the time delay Dt , d s2E

Table 1. Calculated Time Delays, Dt , for Phase-Space
Reconstruction from Simulated Temperature Profiles
for a First-Order Reaction Carried Out Batchwise in

an Isoperibolic ReactorU

a Dt Dtcorrel optim

6 0.01 0.01
10 0.08 0.05
16 0.08 0.155
26 0.05 0.1

UBs10, e s 0.05.

is always obtained, which is a reasonable function value of
the phase-space trajectories produced by the system, that is,
there is no self-crossing of the orbits to eliminate even at
dimension two.

Figures 7 and 8 show two phase spaces reconstructed just
from temperature measurements using the derivatives and the
time-delay coordinates, respectively. As can be seen when we
compare these figures with the original phase space u y z
from Figure 1, phase-space reconstruction techniques do not
provide us with the real phase space but, as we shall see, with
one in which the divergence is the preserved. The embedding
theorem is important because it gives a rigorous justification
for the state-space reconstruction. However, the measure-
ments in the proof of the theorem are assumed to be of infi-

Ž .nite precision Casdagli et al., 1991 , which makes the spe-
cific value of the time delay Dt arbitrary, so that any one
reconstruction is as good as any other. In practice, with noisy
data and a finite number of points, it is a problem to find an
appropriate Dt .

If we assume that we have found an appropriate Dt and
the embedding dimension d , then the divergence of the sys-E
tem in the real state space and the reconstruction one, using
Dt and d , is preserved, that is, the divergence is an invari-E
ant characteristic of the dynamics. For the mathematical

Ž .proof, see Strozzi 1997 .

Calculation of the reconstructed di©ergence from simulated
temperature data

To better understand the procedure, let us describe the
numerical calculation of the divergence for the system given

Ž .by Eqs. 12]13 in the real space u , z . In this case, the diver-
gence is given by the trace of its Jacobian, Eq. 3, which is the
sum of the diagonal elements of the Jacobian matrix, and the
nth-order exothermic reaction is given by Eq. 27. On the other
hand, the Jacobian gives the evolution law of a set of pertur-
bations near a fiducial point x :0

d x t s J t d x t . 44Ž . Ž . Ž . Ž .˙ ˙0 0

Ž .Liouville’s formula see Arnold, 1973 states that the solu-
tions of the system given by Eq. 44 multiply the volume of
any infinitesimal region in the state space by a factor equal to

w Ž Ž .xexp t ? tr J t . If we consider a region in the state space in
Ž .which J t is constant, using Liouville’s formula we can cal-

culate the divergence at time t as follows:

div F tŽ .
w x1 Area P1 t qDt , P2 t qDt , P3 t qDtŽ . Ž . Ž .

s ln ,
w xDt Area P1 t , P2 t , P3 tŽ . Ž . Ž .

45Ž .

Ž Ž . Ž . Ž ..where Area P1 t , P2 t , P3 t is the area of the parallel-
Ž . Ž . Ž .ogram given by points P1 t , P2 t , P3 t in Figure 9. As-

suming that we have calculated the appropriate time delay,
Dt , and that the embedding dimension has a value of two, in
order to calculate the divergence in the reconstructed space
we have to consider the points in a space whose coordinates

Ž .are only temperature-delayed measurements. Let T1 t ,
Ž . Ž .T 2 t , T 3 t be three temperature measurements suffi-

November 1999 Vol. 45, No. 11 AIChE Journal2438



{ }Figure 7. Reconstructed space using the method of derivatives, u , durrrrrdt .

ciently close, then

P1 t s T1 t , T1 t qDt ;� 4Ž . Ž . Ž .

P2 t s T 2 t , T 2 t qDt ;� 4Ž . Ž . Ž .

P3 t s T 3 t , T 3 t qDt 46� 4Ž . Ž . Ž . Ž .

will be considered points. For phase-space reconstruction us-
Žing the derivatives, we have used dTirdt instead of Ti t q

.Dt . Figures 10]12 show the calculated divergence, using di-
mensionless temperature and conversion points, and recon-
structed divergence, using only temperature-delayed mea-
surements or temperature derivates, for the batch isoperi-
bolic reactor, and Bs10, e s0.05 change the dimensionless
heat-transfer coefficient, a . The reconstructed divergences
from Figures 10 and 11 were calculated using the time delays
from Table 1, respectively, whereas Figure 12 shows the re-
constructed divergences using the method of derivatives for
phase-space reconstruction. Since optimum time delays were
defined as those that reproduce the theoretical divergence
better, optimum reconstructed divergences are obtained with
those time delays. The other two reconstructions}using the
time delays provided by the first cross through zero of the
autocorrelation function and using the derivatives}will give
positive divergence for the case where a s16, while the cal-
culated divergence is negative during all the reaction, even

though it is really close to crossing the zero. It seems that
when the first cross through zero of the autocorrelation func-
tion is taken, the divergence becomes positive, giving a false
alarm for the case of a s16, but when the system shows run-
away, a s6 and a s10, it gives a good approximation of the
real divergence.

Discussion and Conclusions
Safe operation of chemical reactors in which strongly

exothermic reactions take place requires that measurement
devices that can detect the early stages of hazardous states be
available, so plant operators can adopt the necessary coun-
termeasures to return to safe conditions. The principal bot-
tleneck for an on-line detection system is the criterion that
distinguishes between dangerous and nondangerous situa-
tions. Especially for batch reactors, because of the variety
processes, the on-line safety criteria must be as independent
as possible of the actual process being carried out in the plant.

A first step in this direction was the safety criterion devel-
Ž . Ž .oped by Hub 1977 and Hub and Jones 1984 . This crite-

rion, which has been used industrially, considers that the state
of the reactor is dangerous when both the first derivative of
the temperature difference between the reactor and the jacket
and the second derivative of the reactor temperature with

Ž .respect to time are positive see Eq. 32 . The difficulty with
using a double differentiation of the measured temperature
with respect to time is that the noisy parts in the signal are

November 1999 Vol. 45, No. 11AIChE Journal 2439



{ ( ) ( )}Figure 8. Reconstructed space using embedding time-delay techniques, u t , u t H Dt .

greatly amplified and have a major effect on the result of the
evaluation, with false alarms being the principal problem.
Furthermore, when an autocatalytic reaction is taking place
in the reactor, because of the autoacceleration of the reac-
tion rate, and hence the rate of heat generation, this criterion
will always give an alarm no matter how hazardous the proc-
ess, if no sufficiently positive limits are defined for the values
of the first and second derivatives.

Figure 9. Evolution of three nearby trajectories in the
real phase space.

On the other side, a considerable amount of study has been
done on the parametric sensitivity of chemical reactors. These
studies focused on finding simple criteria that allowed it to

( )Figure 10. Calculated ? — ? — and reconstructed di-
(vergence profiles for the simulations Figure

)1 , using the time delay obtained from the
( )autocorrelation function Table 1 .
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( )Figure 11. Calculated ? — ? — and reconstructed di-
(vergence profiles for the simulations Figure

) ( )1 , using the optimum time delay Table 1 .

be established in which regions of the parameters}that
characterize the algebraic-differential equations describing
the mass and energy balances of these reactors}the opera-
tion would be safe. The question arising at this point is if it is
possible from these studies to extract a safety criterion that
can be used on-line as an early-warning detection criterion.

A first attempt in this direction was carried out by Gilles
Ž .and Schuler 1982 , who used the criterion previously devel-

Ž .oped by Adler and Enig 1964 to distinguish between safe
and runaway situations. To use such a criterion, the conver-

( )Figure 12. Calculated ? — ? — and reconstructed di-
vergence profiles for the simulations in Fig-
ure 1, using the derivatives for the
phase-space reconstruction.

sion must be estimated on-line from the temperature mea-
surements, so a mathematical model of the reaction rate, as
well as of the reactor, is necessary. Unfortunately, because of
the low production levels, time constraints, and the large va-
riety of processes, the development of reaction-rate models
for batch processes usually is not economically justified, and
therefore the application of model-based techniques is not
always possible, being reserved for special cases.

Apart from that and related criteria, computation of the
parametric sensitivity region requires the calculation of the
local temperature sensitivity, defined as dT rdf, where fmax
is one of the independent parameters that characterize the

Žbehavior of the model being considered Morbidelli and
Varma, 1988; Vajda and Rabitz, 1992; Strozzi and Zaldıvar,´

.1994 . Hence, these criteria are not directly applicable to on-
line detection in which we want to know, with sufficient ad-
vance warning, if our specific process is approaching a dan-
gerous situation.

Ž .Strozzi and Zaldıvar 1994 developed a new method for´
calculating the parametric sensitivity or thermal runaway. In
this work, the physical interpretation of such a criterion in
terms of the contraction or expansion of the flow in phase
space is carried out. From the physical interpretation, it is
possible to compare with previous criteria and to study the
limits of such a criterion based on the concept of local Lya-
punov exponents. For the case of autocatalytic reactions in
particular, this criterion is not able to predict accurately, in
some part of the parameter space, the boundary between
runaway and safe operation. This is because the sum of the
Lyapunov exponents is an average over time of the diver-
gence of the system: if the divergence is negative at the be-
ginning of the process and then suddenly changes sign, as in
the case of autocatalytic reactions, the average will respond
only slowly to this effect. To correct these results, the value
of the divergence is considered to be the safety criterion in-
stead of its mean. This criterion, which for certain types of
reaction systems is equivalent to earlier parametric sensitivity
criteria, has the advantage, as in the calculation of Lyapunov
exponents, that it can be applied on-line because the di-
vergence can be computed from the measurement of only
one system variable}for example, the temperature}using

Ž .phase-space reconstruction techniques Takens, 1981 . It
should be noted that in phase-space reconstruction the con-
version is not estimated as in model-based estimation tech-
niques. Instead, a phase space, which has some invariant
properties, is reconstructed.

This new criterion is compared with the previous early-
warning detection criteria and off-line parametric sensitivity
studies. From the comparisons, it is possible to observe that,
for an nth-order reaction, the criterion is slightly more con-
servative than previous on-line criteria, but still not as con-
servative as Barkelew’s criterion. This means that an earlier
detection of hazardous situations is expected. In the case of
autocatalytic reactions, the criterion lies between Barkelew’s
criterion and the maximum of the parametric sensitivity crite-

Ž .rion see Figure 5 . On the other hand, the Adler and Enig
Ž . Ž .1964 criterion, which was used by Gilles and Schuler 1982 ,
would be too conservative, producing unnecessary false
alarms.

Where once time-series analysis was shaped by linear sys-
tems theory, it is now possible to recognize when an appar-
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ently complicated time series has been produced by a low-
dimensional nonlinear system, and to characterize its essen-

Ž .tial properties Abarbanel, 1996 . The phase-space methods
used in the analysis of signals from nonlinear sources have
been applied to the analysis of temperature data from dis-
continuous reactors, with the goal of developing an early-
warning detection system.

The techniques required to perform these analyses depend
on a coherent use of the time-series data and should not be
treated using a black-box approach, but by considering the
nature of the data and how they were obtained. Specifically,
it is always possible to define a time-delayed vector from a
time series, but this certainly does not mean that it is always
possible to identify a meaningful structure in the embedded
data. Because the mapping between a delay vector and the
system’s underlying state is not known, the precise value of
an embedded data point is not significant. However, because
the reconstruction is a diffeomorphism on the real state space,
a number of important properties of the system will be pre-
served by the mapping. These include local features such as
the number of degrees of freedom and global topological

Ž .features see Melvin and Tufillaro, 1991 . Furthermore, as
Ž .has been demonstrated Strozzi, 1997 , the divergence is pre-

served under phase-space reconstruction, and hence early-
warning runaway detection based on the sign of the diver-
gence can, in principle, be accomplished.

It is clear that a number of practical problems remain un-
solved: for example, the selection of the optimal time-delay,
which should be done on-line as the experimental data ar-
rive, and the necessary embedding dimension, which in this
article has been thought to be two, like the dimension of the
system. What is the influence of the chemical kinetics on such
a value? Furthermore, it would be necessary to carry out a
complete experimental validation in different reactors and
with different reactions to compare them with previous crite-
ria. Our work is currently continuing along these lines.

Despite all these open questions, we have demonstrated
the validity of such an approach in dealing with the problem
of an early-warning detection of runaway first steps. A new
route, between the simple use of measured variables and the
complex model-based state reconstruction techniques, has
been opened to assess in advance hazardous situations in
chemical reactors so as to allow for the necessary counter-
measures to be taken.
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Notation
Asfrequency factor
Bsdimensionless adiabatic temperature rise
Csconcentration, kmol ?my3

Cpsmean specific heat capacity, kJ ?kgy1 ?Ky1

Esactivation energy, kJ ?kmoly1

ksreaction rate constant
nsreaction order
Rsuniversal gas constant
r sreaction rate, kmol ?my3 ? sy1

Ssheat transfer area, m2

t scharacteristic time for cooling, sco
t scharacteristic time for heat generation, sg
t scharacteristic time for reaction, sR
Usoverall heat-transfer coefficient, kJ ?my2 ?Ky1 ? sy1

xsstate vector
zsreactant conversion

a sdimensionless heat-transfer coefficient
D Hsenthalpy of reaction, kJ ?kmoly1

e sR ?T rE, dimensionless jacket temperature parametere
l sith Lyapunov exponenti
u sdimensionless temperature
r smixture density, kg ?my3

t sdimensionless time

Subscript
adsadiabatic
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